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AXIALLY SYMMETRIC PERTURBATIONS OF KERR BLACK
HOLES I: A GAUGE-INVARIANT CONSTRUCTION OF ADM
ENERGY
NISHANTH GUDAPATI
Abstract. Based on the Hamiltonian dimensional reduction of 3 + 1 axially
symmetric, Ricci-flat Lorentzian spacetimes to a 2+ 1 Einstein-wave map sys-
tem with the (negatively curved) hyperbolic 2-plane target, we construct a
positive-definite, (spacetime) gauge-invariant energy functional for linear axi-
ally symmetric perturbations in the exterior of Kerr black holes, in a manner
that is also gauge-independent on the target manifold. We also show that the
positive-definite energy functional serves as a Hamiltonian for the constrained
evolution of the linear perturbations.
1. Geometric Mass-Energy and Perturbations of Black Holes
The stability of stationary solutions of a physical law serves as an impetus to
the validity of the law. In the context of Einstein’s equations for general relativity,
an important stationary solution is the Kerr family of black holes which is also an
asymptotically flat, axially symmetric family of solutions of the 3 + 1 dimensional
vacuum Einstein equations for general relativity:
R¯µν = 0, (M¯, g¯). (1)
In parts due to the physical relevance and the mathematical beauty arising from
its multiple miraculous properties (see e.g., [67, 11]), the problem of stability of
Kerr black hole spacetimes within the class of Einstein’s equations (1) has been a
subject of active research interest since their discovery by R. Kerr in 1963. However,
geometric properties of Kerr black hole spacetimes such as stationarity (as opposed
to staticity), trapping of null geodesics and the general issue of gauge dependence of
metric perturbations cause significant obstacles in the resolution of this ‘black hole
stability’ problem. In this work, we focus on the issue caused by the stationarity
of the Kerr metric:
(P1): The problem of the ergo-region, the lack of a positive-definite and con-
served energy and the superradiance, caused by the shift vector of the Kerr
metric.
It may be noted that an asymptotically flat spacelike Riemannian hypersurface
(Σ, q¯) such that M¯ = Σ× R satisfies the Einstein’s equations for general relativity
(1), has a positive-definite total (ADM) mass mADM :
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mADM : = lim
r→∞
∫
S2(r)
3∑
i,j,k=1
(∂k q¯iℓ − ∂iq¯ℓk)x
i
r
µ¯S2 , q¯ is asymptotically Euclidean
(2)
from the celebrated positive-mass theorems of Schoen-Yau and Witten [55, 56,
69]. However, it is not necessary that the positivity of energy carries forward
to the perturbative theory of Einstein’s equations. In a general asymptotically flat
manifold, it is a priori not determinate whether the mass-energy at infinity increases
or decreases for small perturbations. This outcome can be seen in the energy of a
(linear) scalar wave equation propagating in the exterior of Kerr black holes - an
illustrative, albeit a special ‘test’ case of the perturbations of the Kerr metric.
However, as we already alluded to, the difficulty of constructing a positive-
definite energy for the perturbative theory is not only due to the shift vector (or
the ergo-region) of the Kerr metric. Even if one considers the Schwarzschild metric
(the special case of vanishing angular momentum of Kerr),
g¯ = −f−1dt2 + fdr2 + r2dω2
S2
, (3)
where f : = (1 − 2mr−1), it is not immediate that there exists a positive-definite
energy for the perturbative theory of (3). In 1974, Moncrief had devised a ‘Hamil-
tonian’ for the perturbative theory of Schwarzschild based on the ADM formalism
of Einstein’s equations [45]. Suppose the Lorentzian spacetime (M¯, g¯) admits a
3 + 1 ADM decomposition:
g¯ = −N2dt2 + q¯ij(dxi +N idt)⊗ (dxj +N jdt) (4)
then the ADM constraint and evolution equations are given by the variational
principle for the phase space XADM : = {(p¯iij , q¯ij), i, j = 1, 2, 3}:
IADM : =
∫ (
p¯iij∂tq¯ij −NH −N iHi
)
d4x, (5a)
where
H : =µ¯−1q¯
(
‖p¯i‖2q¯ −
1
2
Trq¯(p¯i)
2
)
− µ¯q¯Rq¯ (5b)
Hi : =− 2(q¯)∇jp¯iji (5c)
and {N,N i} are the Lagrange multipliers. Suppose (q¯, p¯i) are such that q¯ − δ¯ ∈
H2−1/2 and p¯i ∈ H1−3/2 asymptotically flat i.e., diffeomorphic to R3 \ B1(0) in the
complement of a compact set in Σ and
qij =
(
1 +
M
r
)
δ¯ij +O(r−1−α)
p¯iij =O(r−2−α), (6)
r = |x|, for some α > 0, outside the compact set in Σ.As a consequenceM = mADM.
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It follows that the evolution equations are given by
∂tq¯ij =2N¯µ¯q¯
(
p¯iij − 1
2
qijTrq¯(p¯i)
)
+ (q¯)∇jN¯i + (q¯)∇iN¯j (7)
∂tp¯i
ij =− N¯ µ¯q¯
(
(q¯)Rij − 1
2
q¯ijRq¯
)
+
1
2
N¯ µ¯−1q¯ q
ij
(
Trq¯(p¯i
2)− 1
2
Trq¯(p¯i)
2
)
− 2N¯µ¯−1q¯ (π¯imp¯ijm −
1
2
p¯iijTrq¯(p¯i)) + µ¯q(
(q¯)∇i(q¯)∇jN¯
− q¯ij (q¯)∇m(q¯)∇mN¯) + (q¯)∇m(p¯iijN¯m)− (q¯)∇mN¯ ip¯imj − (q¯)∇mN¯ jp¯imi
(8)
Suppose we consider the small perturbations of the initial data of Schwarzschild
black hole spacetimes: q¯ = q¯s + ǫq
′ and p¯i = p¯is + ǫp¯i
′, Moncrief’s Hamiltonian
energy formula is
Hpert : =
∫
Σ
{
N¯ µ¯−1q¯
(
‖p¯i′‖2q¯ −
1
2
Trq¯(p¯i
′)2
)
+
1
2
N¯ µ¯q¯
(1
2
(q¯)∇k q¯′ij (q¯)∇k q¯′ij
− (q¯)∇k q¯′ij (q¯)∇j q¯′ik −
1
2
(q¯)∇iq¯′(q¯)∇iq¯′ + 2(q¯)∇iq¯′(q¯)∇j q¯′ij
+ q¯′(q¯)∇2ij q¯′ij − q¯′q¯′ijRijq¯
)}
d3x, (9)
which is a volume integral on the hypersurface Σ, where q¯′ = Tr(q¯′ij). Moncrief used
the Hamiltonian formulation to decompose the metric perturbations into gauge-
dependent, gauge-independent and constraints; and ultimately reconciled with the
Regge-Wheeler-Zerilli results [53, 70]. An important feature of these results is
that the energy functional (9) can be realized to be positive-definite for both odd
and even parity perturbations. Using tensor harmonics, positive-definite energy
functionals for both odd and even parity perturbations of Schwarzschild black holes
were constructed in [45]. In this spirit, a number of pioneering articles on the
perturbations of static black holes were written by Moncrief [46, 47, 44].
The subject of this article is to focus on axially symmetric perturbations of
the Kerr metric. In precise terms, the Kerr metric (M¯, g¯) can be represented in
Boyer-Lindquist coordinates (t, r, θ, φ) as
g¯ =−
(
∆− a2 sin2 θ
Σ
)
dt2 − 2a sin
2 θ(r2 + a2 −∆)
Σ
dtdφ
+
(
(r2 + a2)2 −∆a2 sin2 θ
Σ
)
sin2 θdφ2 +
Σ
∆
dr2 +Σdθ2 (10)
where,
Σ := r2 + a2 cos2 θ (11a)
∆ := r2 − 2Mr + a2, with the real roots {r−, r+} (11b)
r+ : =M +
√
M2 − a2 > r−
and
θ ∈ [0, π], r ∈ (r+,∞), φ ∈ [0, 2π). (11c)
4 NISHANTH GUDAPATI
It is well known that Einstein’s equations (1) on spacetimes (M¯, g¯) with one isom-
etry ( ∂∂φ ), represented in Weyl-Papapetrou coordinates,
g¯ = e−2γg + e2γ(dφ+Aνdx
ν)2, (12)
admit a dimensional reduction to a 2+1 dimensional Einstein wave map system
Eµν =Tµν , (13a)
gU
A + (h)ΓABCg
µν∂µU
B∂νU
C =0, on (M, g). (13b)
where g is the covariant wave operator, Eµν the Einstein tensor in the interior of
the quotient (M, g) : = (M¯, g¯)/SO(2) and T is the stress energy tensor of the wave
map U : (M, g)→ (N, h), N is the negatively curved hyperbolic 2-plane,
Tµν = 〈∂µU, ∂νU〉h(U) −
1
2
gµν〈∂σU, ∂σU〉h(U). (14)
Introducing the coordinates (ρ, z) such that ρ = R sin θ z = R cos θ, where R : =
1
2 (r −m+
√
∆), the Kerr metric (10) can be represented in the Weyl-Papapetrou
form as
g¯ = Σζ−1(−∆dt2 + ζR−2(dρ2 + dz2)) + sin2 θΣ−1ζ(dφ − 2aMrζ−1dt))2 (15)
where ζ = (r2 + a2)2 − a2∆sin2 θ. Furthermore, the Kerr metric can also be repre-
sented in the Weyl-Papapetrou form using functions (ρ¯, z¯) such that
ρ¯ = ρ− (m
2 − a2)
4R2
ρ, and z¯ = z +
(m2 − a2)
4R2
z (16)
(cf. Appendix A in [51] for details). Now we shall turn to the axially symmetric
perturbation theory of the Kerr metric.
In view of the peculiar behaviour of the 2+1 Einstein-wave map system, a de-
tailed discussion of our methods is relevant for our article and perhaps also interest-
ing to the reader. Consider the Hamiltonian energy of an axially symmetric linear
wave equation propagating on the Kerr metric (gu = 0),
HLW : =
∫
Σ
(
1
2
N¯ µ¯−1q v
2 + vN i∂iu+
1
2
Nµ¯q q¯
ij∂iu∂ju
)
d3x (17)
where v is the conjugate momentum of u, the energy is directly positive-definite.
However this simplification does not carry forward to the Maxwell equations on the
Kerr metric
HMax : =
∫ (
1
2
Nq¯ij µ¯q(E
iEj +BiBj) +N iǫijkE
jBk
)
d3x (18)
where
Ei : =
1
2
ǫijk∗Fjk, B
i : =
1
2
ǫijkFjk. (19)
Actually, one can construct counter examples of positivity of energy density, for in-
stance using, time-symmetric Maxwell fields (cf. the discussion in Section 2 in[51]).
In a crucial work, Dain-de Austria [19] had arrived at a positive-definite energy for
the gravitational perturbations of extremal Kerr black holes using the Brill mass
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formula [18] and subsequent use of Carter’s identity, originally developed for black
hole uniqueness theorems. In a Weyl coordinate system for the spacelike hyper-
surface (Σ, q) in extremal Kerr spacetime, their positive-definite energy for axially
symmetric perturbations is obtained from perturbations of the Brill mass formula,
which in turn is obtained from multiplying a factor with the Hamiltonian constraint
that conveniently results in a volume form (in the chosen Weyl coordinate system)
that is useful in its representation.
In order to construct a positive-definite energy for the perturbations of Kerr-
Newman metric for the full-subextremal range, we delve into the variational struc-
ture of the relevant field equations. The beautiful linearization stability framework,
developed by V. Moncrief, J. Marsden and A. Fischer [24, 48, 25], provides a natural
mechanism to construct an energy-functional based on the kernel of the adjoint of
the deformations around the Kerr metric of the dimensionally reduced constraint
map. This recognition allows us to extend results to the full sub-extremal range
(|a|, |Q| < M) of the perturbations of the Kerr-Newman metric [51], which is a
solution of Einstein-Maxwell equations of general relativity.
Consider the ADM decomposition of M¯ = Σ × R. Suppose the group SO(2)
acts on Σ through isometries such that Γ is the fixed point set. Suppose the norm
squared of the Killing vector generating the rotational isometry is denoted by e2γ .
Let the Lorentzian manifold with boundary Σ × R be denoted as (M, g). In the
dimensional reduction ansatz, the metric g¯ is
g¯ = e−2γ(−N2dt2 + qab(dxa +Nadt)⊗ (dxb +N bdt)) + e2γ(dφ +A0dt+Aadxa)2.
(20)
In the dimensional reduction framework, identifying the reduced conjugate mo-
menta, which form the reduced phase space in (M, g); and the corresponding re-
duced Hamiltonian formalism is nontrivial. This construction was done in [49].
Define the conjugate momentum corresponding to the metric qab as follows:
piab = e−2γp¯iab, q¯ab = e
−2γqab + e
2γAaAb. (21)
As a consequence, the ADM action principle transforms to
J =
∫ t2
t1
∫
Σ
(
piab∂tqab + Ea∂tAa + p∂tγ −NH −NaHa +A0∂aEa
)
d2xdt (22)
where the phase-space is now{
(q,pi), (Aa, Ea), (γ, p)
}
(23)
with the Lagrange multipliers {
N,Na,A0
}
(24)
and the constraints:
H =µ¯−1q (‖pi‖2q − Trq(pi)2) +
1
8
p2 +
1
2
e−4γqabEaEb + µ¯q(−Rq + 2qab∂aγ∂bγ)
+
1
4
e4γqabqbd∂[bAa]∂[dAc], (25a)
Ha =− 2(q)∇bpiba + p∂aγ + Eb(∂[aAb]), (25b)
∂aEa =0 (25c)
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After applying the Poincare` Lemma and introducing the twist potential such that
Ea = : ǫab∂bω we transform into the phase space
XEWM =
{
(γ, p), (ω, r), (qab,pi
ab)
}
and the variational principle reduces to
J˜ : =
∫ t2
t1
∫
Σ
(
piab∂tqab + p∂tγ + r∂tω −NH −NaHa
)
d2xdt, (26a)
where H and Ha are now
H =µ¯−1q
(
‖pi‖2q − Trq(pi)2 +
1
8
p2 +
1
2
e4γr2
)
+ µ¯−1q
(
−Rq + 2qab∂aγ∂bγ + 1
2
e−4γqab∂aω∂bω
)
(26b)
Ha =− 2(q)∇bpiba + p∂aγ + r∂aω. (26c)
with the Lagrange multipliers N,Na. After computing the field equations in the
perturbed phase space
X ′ : =
{
(γ′, p′), (ω′, r′), (q′ab,pi
′ab)
}
It was noted that (N, 0)T is an element of the kernel of the adjoint of the perturbed
constraint map. This in turn provides a candidate for the energy, analogous to (9).
The resulting expression has the potential energy
D2 · V = µ¯qqab
(
4∂aγ
′∂bγ
′ + e−4γ∂aω
′∂bω
′ + 8e−4γγ′2∂aω∂bω − 8e−4γγ′∂aω∂bω′
)
.
(27)
which is then transformed to a positive-definite form using the Carter-Robinson
identities. Firstly, it may be noted that, in the original Carter-Robinson identities
are not restrictive to the choice of the function ‘ρ’ ( in [10] and in eq. (5) in [54] )
and can thus be generalized as follows
µ¯qq
ab
(
4∂aγ
′∂bγ
′ + e−4γ∂aω
′∂bω
′ + 8e−4γγ′2∂aω∂bω − 8e−4γγ′∂aω∂bω′
)
+ ∂b(Nµ¯qq
ab(−2e−4γ∂aγω′ + e−4γω′ + 4e−4γγ′∂aω))
+
1
2
µ¯qe
−4γL1(e
−2γω′) + µ¯qL2(−4γ′ω′)
= Nµ¯qq
ab((1)Va
(1)Vb +
(2)Va
(2)Vb +
(3)Va
(3)Vb), (28)
where,
(1)Va =2∂aγ
′ + e−4γω′∂aω, (29a)
(2)Va =− ∂a(e−2γω′) + 2e−2γγ′∂aω, (29b)
(3)Va =2∂aγω
′ − 2γ′∂aω, (29c)
and
L1 : =e
−2γ(∂b(Nµ¯qq
ab∂aγ) +Ne
−4γµ¯qq
ab∂aω∂bω) (30a)
L2 : =− ∂b(Nµ¯qqabe−4γ∂aω) (30b)
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results in a positive-definite energy of the form
HReg =
∫
Σ
{
Nµ¯−1q
(
̺′ba ̺
′a
b +
1
8
p′2 +
1
2
e4γr′2
)
− 1
2
µ¯qτ
′2
)
+Nµ¯qq
ab
(
2(∂aγ
′ +
1
2
e−4γω′∂aω)(∂bγ
′ +
1
2
e−4γω′∂bω)
+ 2(γ′e−2γ∂aω − ∂a(e−2γω′))(γ′e−2γ∂bω − ∂b(e−2γω′))
+ 2e−4γ(∂aγω
′ − γ′∂aω)(∂bγω′ − γ′∂bω)
)}
d2x (31)
modulo a time-coordinate gauge condition τ ′ = 0. It is then shown that this energy
functional is a Hamiltonian for the dynamics of the reduced Einstein equations in
the perturbative phase-space and a spacetime divergence-free vector field density is
constructed:
JReg = (JReg)t∂t + (J
Reg)a∂a (32)
where (JReg)t = eReg and
(JReg)a =N2µ¯−1q
(
(p′µ¯qq
ab∂bγ
′) + e4γr′(e−4γµ¯qq
ab∂bω
′)
)
+ γ′LN ′(4Nµ¯qqab∂bγ)
+ ω′LN ′(Ne−4γµ¯qqab∂bω) + 2LN ′N(µ¯qqab∂bν ′) + 2LX′ν ′µ¯qqab∂bN
− 2Xa(µ¯qqbc∂bν ′∂cN) + 2Nqac0 ̺′bc e−2ν∂bN ′ + (N∂bN ′ −N ′∂bN)τ ′µ¯qqab
− 2N ′qac0 ̺′bc e−2γ∂bN (33)
after the imposition of the linearly perturbed constraints. In the above, we re-
stricted our discussion to the vacuum (Kerr metric) case because it is directly
relevant for our work, but several technicalities related to the asymptotics, global
regularity and the related hyperbolic and elliptic theory, in the context of the global
Cauchy problem of the more general Kerr-Newman black holes, are addressed com-
prehensively in [51].
It may be noted that the analogous transformations also resolve the positivity
problem for the energy of axially symmetric Maxwell’s equations if one does the
dimensional reduction to introduce the twist potentials λ, η corresponding to the E
and B fields (cf. Section 1 in [51]).
In the axially symmetric case, even though the original Maxwell equations are
linear, a nonlinear transformation is used to reduce the 3+1 Einstein-Maxwell equa-
tions to an Einstein-wave map system [50], which introduces nonlinear coupling
within the Maxwell ‘twist’ fields. However, if we turn off the background E and B
fields (e.g., restrict attention to the Kerr metric), the Maxwell equations in twist
potential variables reduce to linear hyperbolic PDE.
Somewhat interestingly, it appears that the construction of a positive-definite
energy for the axially symmetric Maxwell equations on Kerr black hole spacetimes
does not easily follow from the Carter’s identity, but can be realized a special case
of the full Robinson’s identity. In separate work, Prabhu-Wald have constructed
a ‘canonical energy’ for axially symmetric Maxwell equations on Kerr black holes.
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The connection between the our energy, the Robinson’s identity and its generaliza-
tions and their canonical energy can be found in Section 1 of [31].
In [30], a positive-definite Hamiltonian energy functional for axially symmetric
Maxwell equations propagating on Kerr-de Sitter black hole spacetimes was con-
structed, using modified Einstein-wave maps for the Lorentzian Einstein manifolds
with one rotational isometry [29].
In this work, we shall extend this result and construct a positive-definite energy
in a way that is gauge-invariant on the target manifold (N, h). As we shall see, this
is based on negative curvature of the target manifold (H2, h) and the convexity of
2 + 1 wave maps. The construction of an energy-functional based on the convexity
of wave maps, together with our application of the linearization stability methods,
suggests why the positivity of our (global) energy for the perturbative theory is
to be expected in general, not relying on the insightful and elaborate identity of
Carter, which relies on a specific gauge on the target. In such a formulation, the
intrinsic geometry within the 2+1 Einstein wave map system becomes more trans-
parent.
In the context of black hole uniqueness theorems, extensions along these lines,
from the initial Carter-Robinson results, were done by Bunting [9] and Mazur ([41]
and references therein). In the mathematics literature, convexity of harmonic maps
for axially symmetric (Brill) initial data was established by Schoen-Zhou [57], which
is often used in geometric inequalities between the area of the horizon, angular-
momentum and the mass.
In general, due to the geometric nature of the construction, the linearization
stability machinery provides a robust mechanism to deal with the stability prob-
lems of black holes within a symmetry class, including the initial value problem on
hypersurfaces that intersect null infinity. The linearization stability machinery is
also equipped for dealing with projections from higher- dimensional (n+ 1, n > 3)
black holes with suitable symmetries (toroidal Tn−2 spacelike symmetries), includ-
ing 5D Myers-Perry black holes, the stability of which is the main open problem in
the stability of higher dimensional black holes (see e.g., [20]). Indeed, most of our
current work, especially the local aspects, readily extend to perturbations within
the aforementioned symmetry class of higher-dimensional black holes (see below).
However, we propose to carefully address the global aspects of this problem, using
the methods developed in [51], in a future work.
We would like to point out there are related and independent works, based
on the ‘canonical energy’ of Hollands-Wald [33]. In [52], Prabhu-Wald have ex-
tended [33] by associating the axisymmetric stability to the existence of a positive-
definite ‘canonical energy’. A positive-definite energy functional was constructed
by Dafermos-Holzegel-Rodnianski [14] in the context of their proof of linear sta-
bility of Schwarzschild black holes (see also [34]). Subsequently, a positive-definite
energy was constructed by Prabhu-Wald using the canonical energy methods, that
is consistent with both [14] and [45]. Their approach is based on the construction
of metric perturbations using the Teukolsky variable as the Hertz potential. A
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‘canonical energy’ for perturbations of higher-dimensional black holes within the
Tn−2 symmetry class, which results in a symplectic structure in the orbit space
M¯/Tn−2, is constructed by Hollands-Wald [32]. We would like to point out that
their ‘canonical energy’ expression is comparable with the energy constructed in
our work (eq. (179) and (180)).
From a PDE perspective, a suitable notion of (positive-definite) energy is crucial
to control the dynamics of a given system of PDEs. In case the scaling symme-
tries of a nonlinear hyperbolic PDE and its corresponding energy match, powerful
techniques come into play that characterize blow up (concentration) and scattering
categorically. This problem is referred to as ‘energy critical’. In the context of 2+1
critical flat-space wave maps:
U : R2+1 → (N, h) (34)
the fact that this characterization can be made was demonstrated in the landmark
works [13, 59, 58, 63, 62, 65, 38, 60, 61] in the analysis of geometric wave equations.
It may be noted that 3+1 Einsteins equations with one translational isometry can
be reduced to the 2+1 Einstein-wave map system (13). In this case the notion of a
positive-definite, gauge-invariant Hamiltonian mass-energy is provided by Ashtekar-
Varadarajan [7] (see also Thorne’s C-energy [68])
qab = r
−mAV (δab +O(r−1)) (35)
in the asymptotic region of asymptotically flat (Σ, q). In a previous work [27], it was
noted that the aforementioned fundamental results on flat space wave maps can be
extended to the 2 + 1 Einstein-wave map system resulting from 3 + 1 Einsteins
equations with translational symmetry using the AV-mass, which in turn is related
to the energy of 2 + 1 wave maps arising from the energy-momentum tensor and
a local conservation law in the equivariant case. We would like to point out that,
even though the dimensional reduction of 3 + 1 dimensional axially symmetric,
asymptotically flat spacetimes results in the same 2 + 1 Einstein-wave map system
locally, the axisymmetric problem is not a (geometric) mass-energy-critical problem
[28]. There is yet another dimensional reduction, based on the time-translational
Killing vector of stationary class of spacetimes, in which the Kerr metric also be-
longs, that results in harmonic maps. This distinction between each of the three
cases, which is relevent for the applicable methods therein, is explained in [28] for
the interested reader.
Without the energy-criticality of the 2+1 Einstein-wave map system, a direct con-
sideration of the nonlinear problem, analogous to [27, 5], is infeasible. A long-
standing approach that is commonly used in the stability problems of Einstein’s
equations, is to first consider the linear perturbations and hope to control the non-
linear (higher-order perturbations) using the linear perturbation theory. However,
the problem of what is the natural notion of energy for the linear perturbative
theory, that is consistent with the dimensional reduction and wave map structure
of field equations remains open:
(P2): Is there a natural notion of mass-energy for the axially symmetric linear
peturbative theory of Kerr black hole spacetimes that is consistent with the
dimensional reduction and the wave map structure of the equations?
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This question is closely related to whether there exists a natural factor that mul-
tiplies the dimensionally reduced Hamiltonian constraint of the system (compare
with the discussion in pp. 3-4 in [28]), which provides a natural notion of energy
for our linearized problem. We point out that the linearization stability methods
employed in our works provide a natural mechanism that kills both the ‘birds’ (P1)
(|a| < m) and (P2) with one ‘shot’, if one may use this terminology.
Nevertheless, dealing with a plethora of boundary terms that arise in the construc-
tion of the positive-definite energy, in connection with the gauge-conditions and the
dimensional reduction, is nontrivial1. These aspects shall be dealt with in detail in
[51] for the coupled Kerr-Newman problem.
In the current work, after establishing that the constraints for our system are scle-
ronomic, we prove that our energy functional drives the constrained Hamiltonian
dynamics of our system and that it forms a (spacetime) divergence-free vector
field density, after the imposition of the constraints. In the process of obtaining
our results, we construct several variational principles from both Lagrangian and
Hamiltonian perspectives, for the nonlinear (exact) and linear perturbative theo-
ries. These may be of interest in their own right.
As we already remarked, the black hole stability problem is a very active research
area. The decay of Maxwell equations on Schwarzschild was proved in [8]. The
linear stability of Schwarzschild was established in [14]. Likewise, the linear sta-
bility of Schwarzschild black hole spacetimes using the Cauchy problem for metric
coefficients was established in [35, 36], which was recently extended to higher di-
mensional Schwarzschild-Tangherlini black holes [37]. A Morawetz estimate for
linearized gravity on Schwarzschild black holes was established in [4]. These results
build on the classic results [53, 70, 71, 45].
The important case of linear wave perturbations of Kerr black holes was studied
in several fundamental works for small angular momentum [2, 66, 16]. Likewise, the
decay of Maxwell perturbations of Kerr was established in [3]. A uniform energy
bound and Morawetz estimate for the |s| = 1, 2 Teukolsky equations was estab-
lished in [39, 40]. Boundedness and decay for the |s| = 2 Teukolsky equation was
established in [15]. A positive-definite energy for axially symmetric NP-Maxwell
scalars was constructed in [31], extending our aforementioned results on Maxwell
equations. Recently, the linear stability of Kerr black holes was announced in [1]
by extending the works [39, 40] for small |a|.
The effects of the ergo-region become more subtle for rapidly rotating (but |a| <
M) Kerr black holes. The decay of the scalar wave for fixed azimuthal modes
was established in [21, 23, 22] using spectral methods. The decay of a general
linear wave equation was established in [17]. We would like to point out that the
global behaviour, especially the decay estimates, of Maxwell and linearized Einstein
perturbations of Kerr black holes, is relatively less understood for the large, but
1this is in contrast with the Maxwell perturbations on Kerr black hole spacetimes, which is a
(locally) gauge-invariant problem
ADM ENERGY FOR AXIALLY SYMMETRIC PERTURBATIONS OF KERR METRIC 11
sub-extremal (|a| < M) case. We expect that our work will be useful to fill this
gap.
2. A Hamiltonian Formalism for Axially Symmetric Spacetimes
Recall that M¯ = Σ×R is a 3+ 1 Lorentzian spacetime, such that the rotational
vector field Φ acts on Σ as an isometry with the fixed point set Γ. In the case of
Kerr black hole spacetime, Γ is a union of two disjoint sets (the ‘axes’). It follows
that the quotient Σ := Σ/SO(2) and M : = Σ × R are manifolds with boundary
Γ. Consider the Einstein-Hilbert action on (M¯, g¯)
SEH : =
∫
R¯g¯ µ¯g¯. (36)
Suppose the axially symmetric (M¯, g¯) is a critical point of (36). In the Weyl-
Papapetrou coordinates,
g¯ = |Φ|−1g¯ + |Φ|(dφ +Aνdxν)2 (37)
|Φ| is the norm squared of the Killing vector Φ := ∂φ, and g is the metric on
the quotient M : = M¯/SO(2). Suppose II is the second fundamental form of
the embedding (M, g˜) →֒ (M¯, g¯), g˜ = |Φ|−1g then following the Gauss-Kodazzi
equations and the conformal transformation,
R˜g˜ = |Φ|−1(Rg − 4gµν∇µ∇ν log |Φ|1/2 − 2gµν∇µ log |Φ|1/2∇ν log |Φ|1/2) (38)
The Einstein-Hilbert action (36) can be reduced to
LEWM : =
1
2
∫ (
1
κ
Rg − hAB(U)gαβ∂αUA∂βUB
)
µ¯g (39)
for κ = 2 and U is a wave map
U : (M, g)→ (N, h) (40)
to a hyperbolic 2-plane target (N, h), whose components are associated to the norm
and the twist (potential) of the Killing vector. The tangent bundle of the configu-
ration space of (39) is now
CEWM : =
{
(g, g˙), (UA, U˙A)
}
(41)
where the dot (e.g., U˙) denotes derivative with respect to a time-coordinate function
t. We would like to perform the Hamiltionian reduction of the system (39). Recall
the ADM decomposition of (M, g) = (Σ, q)× R
g = −N2dt2 + qab(dxa +Nadt)⊗ (dxb +N bdt) (42)
Let us split the geometric part and the wave map part of the variational principle
(39) as LEWM = Lgeom + LWM. Let us now start with the Hamiltonian reduction
of the wave map Lagrangian LWM
LWM : = −1
2
∫
(hAB(U)g
αβ∂αU
A∂βU
B)µ¯g (43)
over the tangent bundle of the configuration space of wavemaps, CWM = {(UA, U˙A)}.
Suppose we denote the Lagrangian density of (43) as L and conjugate momenta
as pA, we have
12 NISHANTH GUDAPATI
pA =
1
N
µ¯qhAB(U)∂tU
B − 1
N
µ¯qhAB(U)LNUB (44)
where LN is the Lie derivative with respect to the shift Na. As a consequence, we
have
hAB(U)∂tU
B =
1
µ¯q
NpA + hAB(U)LNUB, (45)
and the Lagrangian density LWM can be expressed in terms of the wave map phase
space XWM : = {(UA, pA)} as
LWM = 1
2
pB∂tU
B − 1
2
pBLNUB − 1
2
Nµ¯qhAB(U)q
ab∂aU
a∂bU
B. (46)
Let us now define the Hamiltonian density as follows,
HWM : = 1
2
pB∂tU
B +
1
2
pBLNUB + 1
2
Nµ¯qhAB(U)q
ab∂aU
A∂bU
B. (47)
As a consequence, we formulate the ADM variational principle for the Hamiltonian
dynamics of the wave map phase space XWM as
LWM[XWM] : =
1
2
∫
(pA∂tU
A − pBLNUB −Nµ¯qhAB(U)qab∂aUa∂bUB)d3x, (48)
which has the field equations,
pA =
1
N
µ¯qhAB(U)∂tU
B − 1
N
µ¯qhAB(U)LNUB (49)
and the critical point with respect to (the first variation DUA ·LWM = 0) Ua gives
∂tpA =−Nµ¯−1q
∂
∂UA
hBCpBpC + hAB∂a(Nµ¯qq
ab∂bU
B)
+Nµ¯qhAB
(h)ΓBCD(U)q
ab∂aU
C∂bU
D + LNpA, (50)
where (h)Γ are the Christoffel symbols
(h)ΓABC : =
1
2
hAD(U)(∂ChBD + ∂BhDC − ∂DhBC) (51)
It is straight-forward to verify that the canonical equations
DpA ·HWM = ∂tUA and DUA ·HWM = −∂tpA (52)
correspond to (49) and (50) respectively, where HWM : =
∫ HWMd2x is the (total)
Hamiltonian. Subsequently, if we use the Gauss-Kodazzi equation for the ADM
2 + 1 decomposition and defining the (geometric) phase space
Xgeom : = {(qab,piab)}, (53)
we can represent the gravitational Lagrangian density as follows:
LAltgeom : = (−qab∂tπab −NHgeom −NaHageom) (54)
where,
Hgeom : =µ¯
−1
q
(‖pi‖2q − Trq(pi)2)− µ¯qRq (55a)
Hageom : =− 2 (q)∇bpiab (55b)
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It may be noted that, the conjugate momentum tensor of the reduced metric
and the corresponding components of the conjugate momentum of the 3 metric are
related as follows
|Φ|p¯iab = piab, where piab = µ¯q
(
qabTrq(K)−Kab
)
(56)
Consequently, we have the variational principle for Hamiltonian dynamics of the
reduced Einstein wave map system.
JEWM : =
∫ t2
t1
∫
Σ
(
piab∂tqab + pA∂tU
A −NH −NaHa
)
d2xdt (57)
where now the reduced H and Ha are
H =µ¯−1q
((‖pi‖2q − Trq(pi)2)+ 12pApA
)
+ µ¯q
(
−Rq + 1
2
hABq
ab∂aU
A∂bU
B
)
(58a)
Ha =− 2 (q)∇bpiba + pA∂aUA. (58b)
Therefore, we have proved the theorem
Theorem 2.1. Suppose (M¯, g¯) is an axially symmetric, Ricci-flat, globally hy-
perbolic Lorentzian spacetime and that g¯ admits the decomposition (20) in a local
coordinate system, then the dimensionally reduced field equations in the interior of
M = Σ×R, where Σ = Σ/SO(2), are derivable from the variational principle (57)
for the reduced phase space:
XEWM : = {(qab,piab), (UA, pA)} (59)
with the Lagrange multipliers {N,Na}.
As a consequence, we have the field equations for Hamiltonian dynamics in XEWM
hAB∂tU
B =Nµ¯−1q pA + hABLNUB (60a)
∂tpA =−Nµ¯−1q
∂
∂UA
hBC(U)pBpC + hAB∂a(Nµ¯qq
ab∂bU
B)
+Nµ¯qhAB
(h)ΓBCD(U)q
ab∂aU
C∂bU
D + LNpA (60b)
∂tqab =2Nµ¯
−1
q (piab − qabTr(pi)) + (q)∇aNb + (q)∇bNa (60c)
∂tpi
ab =
1
2
Nµ¯−1q q
ab(‖pi‖2q − Tr(pi)2)− 2Nµ¯−1q
(
piacpibc − piabTr(pi)
)
+ µ¯q(
(q)∇b (q)∇aN − qab (q)∇c(q)∇cN)
+ (q)∇c(piabN c)− (q)∇cNapicb − (q)∇cN bpica
+
1
4
µ¯−1q Nq
abpAp
A +
1
2
Nµ¯qhAB(q
acqbd − 1
2
qabqcd)∂cU
A∂dU
B (60d)
and the constraint equations
H = 0, (61a)
Ha = 0. (61b)
It should be pointed out that, analogous to original ADM formulation [6], we have
made a simplification with the coupling constant (see also the discussion in pp.
520-521 in [43]). In case the precise coupling between the 2+1 Einstein’s equations
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and its wave map source is relevant, the original coupling can be reinstated by
simply substituting the following formulas throughout our work:
pitrue : =
1
2κ
pi =
1
2κ
µ¯q
(
qabTr(K)−Kab) , (62a)
Htrue : =
1
2κ
Hgeom = µ¯
−1
q
1
2κ
(‖pi‖2q − Tr(pi)2)− 12κµ¯qRq, (62b)
(Htrue)a : =
1
2κ
(Hgeom)a = − 1
κ
(q)∇bpiba. (62c)
We would like to remind the reader that, in the dimensional reduction process, we
introduce the closed 1-form G such that
|Φ|−2ǫµνβgβαGα = Fµν (63)
where F = dA. In our simply connected domain, G = dw, where ω is the gravita-
tional twist potential and one of the components of the wave map U.
Nonlinear Conservation Laws. Following Komar’s definition of angular mo-
mentum,
J =
1
16π
∫
Σ
⋆dΦ, (Komar angular momentum) (64)
it follows that for the Kerr metric J = aM. In view of the well known fact that the
angular momentum is conserved for our vacuum axisymmetric problem, without
effective loss of generality, we shall assume that the perturbation of the angular-
momentum is zero.
The dimensional reduction provides additional structure for the original field
equations. As noted by Geroch [26], the Lie group SL(2,R) acts on the resulting
target (N, h) in the dimensional reduction procedure. The Mo¨bius transformations,
which are the isometries of (N, h) provide us a Poisson algebra of nonlinear con-
served quantities.
Corollary 2.2. Suppose U : Σ× (t1, t2)→ (N, h) is the wave map coupled to 2+1
Einstein equations as above, then there exist (spacetime) divergence-free vector fields
Ji, i = 1, 2, 3 such that if Ci is the flux of Ji at Σt, t ∈ (t1, t2) hypersurface,
(1)
{Ci, Cj} = σkijCk, i 6= j 6= k, (65)
where {·, ·} is the Poisson bracket in the phase space XEWM and σkij are the structure
constants of the (Mo¨bius) isometries {Ki,K2,K3} of (N, h).
Proof. The Mo¨bius transformations on the target (N, h), the hyperbolic 2-pane,
are isometries corresponding to translation, dilation and inversion {K1,K2,K3}. It
follows that,
(h)∇A(Ki)B + (h)∇B(Ki)A = 0, ∀ i = 1, 2, 3,
Consider the quantity
∂t(K
A
i pA) =∂CK
A
i pA(Nµ¯qp
C + LNUC)
+KAi
(−Nµ¯−1q ∂AhBCpBpC + hAB∂a(Nµ¯qqab∂bUB)
+Nµ¯qhAB
(h)ΓBCDq
ab∂aU
C∂bU
D + LNpA
)
. (66)
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Now consider,
∂a(Nµ¯qq
ab∂bU
BKAi hAB) =K
A
i hAB∂a(Nµ¯qq
ab∂bU
B)
+Nµ¯qq
ab∂aU
C∂cK
A
i hAB∂bU
B
+Nµ¯qq
ab∂bU
BKAi ∂ChAB∂aU
C (67)
and note that
−Nµ¯qqab∂aUC∂cKAhAB∂bUB−Nµ¯qqab∂bUBKA∂ChAB∂aUC
+Nµ¯qhAB
(h)ΓBCDq
ab∂aU
C∂bU
DKAi =−
1
2
Nµ¯qq
ab∂aU
C∂bU
D∂AhCD
−Nµ¯abq ∂aUC∂cUB∂CKAi hAB
=0 (68)
after relabeling of indices and on account of the fact that the deformation tensor
of Ki in the target h is zero. Let us now define,
(Ji)
t =KAi pA
(Ji)
a = ∂a(Nµ¯qq
ab∂bU
BKAi hAB +N
aKAi pA).
It follows from above that each Ji, i = 1, 2, 3 is a spacetime divergence-free vector
density. Now then,
Ci : =
∫
Σt
KAi pAd
2x (69)
and consider the Poisson bracket:
{Ci, Cj} =
{∫
Σt
KAi pA ,
∫
Σt
KAj pA
}
=
∫
Σt
(
∂UAK
B
i K
A
j −KAi ∂UAKBj
)
pB
=
∫
Σt
[
Ki,Kj
]A
pA =
∫
Σt
σkijK
A
k pA
=σkijCk, i 6= j 6= k. (70)
This result generalizes the equivalent result in [49], where each Σ is S2, to our
non-compact case and a general gauge on the target metric h. We would like to
point out that these conservation laws are closely related to the ‘moment maps’
associated to the Mo¨bius transformations in the phase space. It may be noted that
our arguments readily extend to the (n+1) higher-dimensional context, where the
target is SL(n− 2)/SO(n− 2). 
In the Weyl-Papapetrou coordinates, define a quantity ν such that
q = e2νq0 (71)
where q0 is the flat metric and (mean curvature) scalar τ : = µ¯
−1
q qabpi
ab. In our
work, it will be convenient to split 2-tensors into a trace part and the conformal
Killing operator [49]. In the following lemma, we shall streamline the related dis-
cussion and results obtained in [49].
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Lemma 2.3. Suppose the phase space variables
{
(q,pi), (UA, pA)
} ∈ X are smooth
in the interior of Σ then, we have
(1) Suppose a vector field Y ∈ T (Σ), then conformal Killing operator defined
as (
CK(Y, q)
)ab
: = µ¯q(
(q)∇bY a + (q)∇aY b − qab (q)∇cY c), (72)
is invariant under a conformal transformation, i.e., CK(Y, q) = CK(Y, q0).
(2) There exists a vector field Y ∈ T (Σ), which is determined uniquely up a
conformal Killing vector, such that
piab = e−2ν(CK(Y, q))ab +
1
2
τ µ¯qq
ab (73)
(3) If
{
(q,pi), (UA, pA)
} ∈ X satisfy the constraint equations, the Hamilton
and momentum constraint equations (61) can be represented as the elliptic
equations:
µ¯−1q0 (e
−2ν‖̺‖2q0 −
1
2
τ2e2ν µ¯2q0 +
1
2
pAp
A)
+ µ¯q0(2∆0ν + hABq
ab
0 ∂aU
A∂bU
B) = 0 (74)
and
− (q0)∇b̺ba −
1
2
∂aτe
2ν µ¯q0 +
1
2
pA∂aU
A = 0, (Σ, q0) (75)
respectively, where
̺ac = µ¯q0(
(q0)∇cY a + (q0)∇aYc − δac (q0)∇bY b) (76)
Proof. Part (1) follows from the definitions and direct computations. Part (2) is
based on the fact that the transverse-traceless tensors vanish for our form of the
2-metric. Consider the decomposition of piab into a trace part and a traceless part:
piab =
1
2
τµ¯qq
ab+ 6 Trpiab
=
1
2
τ µ¯qq
ab + (piTT)
ab + e−2νCK(Y, q) (77)
where (piTT)
ab is such that
qab(piTT)
ab = 0 and (q)∇a(piTT)ab = 0. (78)
The result (2) now follows from the fact that (78) is invariant under the conformal
transformation (71) and the fact that transverse-traceless tensors vanish on the flat
metric q0, with suitable boundary conditions. The existence of Y follows from the
following elliptic equation
(q)∇a(e−2νCK(Y, q)) = ∇a(piab − 1
2
τ µ¯qq
ab). (79)
and Fredholm theory. It may be noted that the the right hand side is L2−orthogonal
to the kernel of the linear, self-adjoint elliptic operator on the left hand side, which
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contains the conformal Killing vector fields of q0.
(q)∇b
(
e−2ν µ¯q(Ya +
(q)∇aY b − δba(q)∇cY c)
)
= (q0)∇b
(
µ¯q0(
(q0)∇bY a) + (q0)∇aY b − δba(q0)∇cY c)
)
. (80)
It would now be convenient to define ̺ as in (76). Now then, using
piab =
1
2
τe2ν µ¯q0δ
a
c + e
−2ν̺ac , (81)
and (80), the momentum constraint can now be transformed into the following
elliptic operator for Y on (Σ, q0)
Ha = −2(q0)∇b̺ba − ∂aτ e2νµ¯q0 + pA∂aUA, (Σ, q0), a = 1, 2. (82)
The scalar curvature Rq of (Σ, q) and ‖pi‖2q can be expressed explicitly as
Rq = −2e−2ν∆0ν, ‖pi‖2q =
1
2
τ 2e4ν µ¯2q0 + ‖̺‖2q0 . (83)
The Hamiltonian constraint can now be transformed to the elliptic operator
H =µ¯−1q0 (e
−2ν‖̺‖2q0 −
1
2
τ 2e2ν µ¯2q0 +
1
2
pAp
A)
+ µ¯q0(2∆0ν +
1
2
hABq
ab
0 ∂aU
A∂bU
B), (Σ, q0), (84)
where
∆0ν : =
1
µ¯q0
∂b(q
ab
0 µ¯q0∂bν). (85)

The conditions for the dimensional reduction above are modeled along the Kerr
metric (10). Let us now consider the corresponding field equations for the Kerr
metric. It follows that, for the Kerr wave map
U : (M, g)→ (N, h) (86)
we have p1 = p2 ≡ 0; and piab ≡ 0. As a consequence, the dimensionally reduced
field equations for the Kerr metric (10) are
∂a(Nµ¯qq
abUA) +Nµ¯q
(h)ΓABCq
ab∂aU
B∂bU
C =0 (87)
and
µ¯q
(
(q)∇b (q)∇aN − qab (q)∇c(q)∇cN
)
+
1
2
Nµ¯q(q
acqbd − 1
2
qabqcd)hAB∂aU
A∂bU
B =0. (88)
The Hamiltonian constraint
H = µ¯q(−Rq + 1
2
hABq
ab∂aU
A∂bU
B) = 0 (89)
for a, b and A,B,C = 1, 2. The scalar τ is the mean curvature of the embedding
Σ →֒M, whose evolution is governed by the equation:
∂tτ = −(q)∇a(q)∇aN +Nµ¯−1q (‖pi‖2q +
1
2
pAp
A). (90)
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Following the notation introduced in [49], the evolution equation (90) can be rep-
resented as
e2ν∂tτ = −∆0N +Nq, (91)
where
q : = µ¯−1q e
−2ν
(
‖̺‖2q +
1
2
τ 2e4ν µ¯q +
1
2
pAp
A
)
(92)
where we again used the splitting expression (77). It follows that, for the Kerr
metric (10),
τ = ∂tτ ≡ 0, ̺ ≡ 0 and ∆qN = 0. (93)
The equation (60c) can be decomposed as
∂t(µ¯q) =NTrq(pi)− 1
2
µ¯qqab
(
(q)∇aN b + (q)∇bNa
)
(94)
and the evolution of the densitized inverse metric
∂t(µ¯qq
ab) =2N(piab − 1
2
qabTrq(pi)) + µ¯q
(
(q)∇aN b + (q)∇bNa − qab(q)∇cN c
)
.
(95)
3. A Hamiltonian Formalism for Axially Symmetric Metric
Perturbations
In this section we shall calculate the field equations and the Lagrangian and
Hamiltonian variational principles for linear perturbation equations of the 2+1
Einstein-wave map system. Consider a smooth curve
γs : [0, 1]→ CEWM (96)
parametrized by s in the tangent bundle of configuration space CEWM of the
Einstein-wave map system. Like previously, we shall start with the wave map
system. Let Us : (M, g) → (N, h) be a 1-parameter family of maps generated by
the flow along γs, such that
U0 ≡U (97a)
Us ≡U, outside a compact set Ω ⊂M (97b)
and U ′ : = Dγ
s
· Us
∣∣
s=0
, where U : (M, g) → (N, h) is a given (e.g., Kerr) wave
map. The deformations along γs can be manifested, for instance, by the exponential
map Exp(sU). In the following, with a slight abuse of notation, we shall denote the
manifestations of the deformations along γs for the wave map U : (M, g)→ (N, h),
by γs itself. Let us now denote the deformations along γs of a point at s = 0 in
the tangent bundle of the wave map configuration space CWM as follows
C′WM : =
{
U
′A = Dγ
s
· UAs
∣∣∣
s=0
, U˙
′A = Dγ
s
· U˙As (s)
∣∣∣
s=0
}
. (98)
Now consider the Lagrangian action of wave map
LWM(CWM) = −1
2
∫
(gµνhAB∂µU
A∂νU
B)µ¯g. (99)
For simplicity, we shall denote LWM(γ(s)) as LWM(s). We have,
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Dγ
s
· LWM(s) =
∫
hAB(gU
A + (h)ΓABCg
µν∂µU
B∂νU
C)U
′Bµ¯g (100)
where we have used the identity,
gµνhAB(U)∂µU
A∂νU
′B +
1
2
gµν∂ChAB∂µU
A∂νU
BU
′C
= −hABU
′B(gU
A + (h)ΓABCg
µν∂µU
B∂νU
C) (101)
modulo boundary terms (see e.g., pp. 19-20 in [27]). The following geometric
construction shall be useful to represent our formulas compactly [42]. Firstly, let
us define the notions of induced tangent bundle and the associated ‘total’ covariant
derivative on the target (N, h), under the wave mapping U : M → N. The induced
tangent bundle TUN on M consists of the 2-tuple (x, y), where x ∈ M and y ∈
TU(x)N, with the bundle projection
P : TUN →M
(x, y)→ x. (102)
Consider the vector field V˙s ∈ TM, then the image of V˙s under the wave map U is
a vector field V˙ As = ∂sU
A in a local coordinate system of (N, h). As a consequence,
we can define a covariant derivative on the induced bundle:
(h)∇µV˙ As : = ∂µV˙ As + (h)ΓABC V˙ Bs ∂µUC . (103)
It may be verified explicitly that the induced connection is metric compatible
(h)∇AhAB ≡ 0. Likewise, for a ‘mixed’ tensor
Λ := ΛAµ ∂xA ⊗ dxµ,
(h)∇νΛAµ : = (g)∇νΛAµ + (h)ΓABCΛBµ ∂νUC . (104)
In particular, for eB ∈ TN, the second covariant derivative,
(h)∇µ(h)∇νeB = ∂µ(ΓAνBeA)− (g)Γαµν(h)ΓAαBeA + (h)ΓAµB(h)ΓCνAeC (105)
provides the curvature for the induced connection:[∇µ,∇ν]eB = RABµν eA (106)
Now consider the ‘mixed’ second covariant derivatives
(h)∇µ(h)∇AeB and (h)∇A(h)∇µeB.
In view of the fact that eB and
(h)∇AeB do not have components in the tangent
bundle of the domain M, the quantities
∂µU
C (h)∇C (h)∇AeB and (h)∇A(∂µUC(h)∇C)eB
are equivalent to
(h)∇µ(h)∇AeB and (h)∇A(h)∇µeB respectively.
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We have,
U ′A (h)∇A(h)∇µeB = U ′A (h)∇A
(
∂µU
C (h)∇CeB
)
= U ′A∂µU
C(∂A
(h)ΓDCB +
(h)ΓDAE
(h)ΓECB) + U
′A(h)∇A∂µUC(h)∇CeB (107a)
likewise
∂µU
A (h)∇A(U ′C (h)∇CeB)
= ∂µU
AU ′C (h)∇A(h)∇CeB + ∂µUA(h)∇AU ′C (h)∇CeB
= ∂µU
AU ′C(∂C
(h)ΓDAB +
(h)ΓDCE
(h)ΓEAB) + ∂µU
A(h)∇AU ′C (h)∇CeB (107b)
so that we have
U ′A (h)∇A(h)∇µeB − ∂µUA (h)∇A(U ′C (h)∇CeB) = (h)RDBAµeDU ′A. (108)
This ‘mixed’ derivative construction is relevant for our wave map deformations. Let
us assume that
[
∂βU,U
′
] ≡ 0 (109a)
from which, it follows that
∂βU
A (h)∇AU ′B − U ′A (h)∇A∂βUB ≡ 0. (109b)
Now consider another analogous curve γλ. The quantity D
2
γλγs
·LWM involves the
following terms
gU
′A + ∂UD
(h)ΓABCg
µν∂µU
B∂νU
CU ′D + 2(h)ΓABCg
µν∂µU
′B∂νU
C . (110)
Assuming that the Kerr wave map is a critical point of (100) at s = 0, the expression
(99) can consecutively be transformed as follows:
=gU
′A + ∂UD
(h)ΓABCg
µν∂µU
B∂νU
CU ′D + 2(h)ΓABCg
µν∂µU
′B∂νU
C
+ (h)ΓABCU
′B(gU
C + (h)ΓCDEg
αβ∂αU
D∂βU
E)
(111)
which can be transformed to
gµνU ′C (h)∇C (h)∇µ∂νUA =gµνU ′C
(
∂C(
(h)∇µ∂νUA)− (h)ΓDCµ(h)∇D∂νUA
+ (h)ΓACD
(h)∇µ∂νUA
)
(112)
Now consider the operator,
gµν(h)∇µ((h)∇C∂νUA) =gµν (g)∇µ((h)∇C∂νUA)
− gµν
(
(h)ΓDµC∇D∂νUA + hΓAµD(h)∇C∂νUD
)
(113)
and performing the computations analogous to (107), we get that (110) is equivalent
to
(h)
U ′A + (h)RABCDg
µν∂µU
B∂νU
DU ′C (114)
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where
(h)
U ′A : =gµν(h)∇µ(h)∇νU ′A
=∂µ(
(h)∇νU ′A)− (g)Γγµν (h)∇γU ′A + (h)ΓAµC((h)∇νU ′C), (115)
which can be represented in terms of the covariant wave operator (gµν (g)∇µ∂νU ′A)
in the domain metric g as
=gU
′A + gµν
(
∂µ(
(h)ΓAνCU
′C)− (g)Γγµν (h)ΓAγCU ′C + (h)ΓAµC∂νU ′C
+ (h)ΓAµC
(h)ΓCνDU
′D
)
(116)
and (h)R is the induced Riemannian curvature tensor
(h)RABCD =∂C
(h)ΓADB − ∂D(h)ΓACB + (h)ΓACE(h)ΓEDB − (h)ΓADE(h)ΓECB (117)
Now for the Kerr wave map critical point of Dγ
s
· LWM at s = 0, we then have,
D2
γ
λ
γ
s
· LWM(s = 0) =
∫
hABU
′B((h)U ′A + (h)RABCDg
µν∂µU
B∂νU
DU ′C)µ¯g
(118)
as the Lagrangian variational principle for small linear deformations of the wave
map Us : (M, g)→ (N, h). In view of the divergence identity,
(h)∇µ(hABU ′B (h)∇µU ′A) = hAB(h)∇µU ′A(h)∇µU ′B + U ′B(h)∇µ(hAB(h)∇µU ′A)
(119)
the variational principle (118) can equivalently be transformed into a self-adjoint
variational form:
D2
γ
λ
γ
s
· LWM(s = 0)
= −1
2
∫ (
gµν hAB
(h)∇µU ′A(h)∇µU ′B − hABU ′B (h)RABCDgµν∂µUB∂νUCU ′D
)
µ¯g.
(120)
Let us now calculate the Hamiltonian field equations for the linear perturbation
theory, using the ADM decomposition of the background (M, g)
g = −N2dt2 + qij(dxi +N idt)⊗ (dxj +N jdt) (121)
Let us denote the variational principle (118) and (120) by LWM(U
′). The Legendre
transformation on C′WM results in the phase space
X ′WM : = {(U ′A, p′A)}, where (U ′A, p′A) are canonical pairs (122)
the conjugate momenta p′A = Dγ · (pA(s))
∣∣
s=0
are given by
p′A =
1
N
µ¯qhAB(U)(∂tU
′B + (h)ΓBtCU
′C)− µ¯q
N
hAB(U)LNU ′B
− µ¯q
N
hAB(U)N
a(h)ΓBaC (123)
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on account of the fact that the time derivative terms in the second term of (120)
only occur for background wave map U. Now then, using the quantity
hAB∂tU
′B = µ¯−1q Np
′
A − hAB(U)(h)ΓBtCU ′C + hABLNU ′B + hABNa(h)ΓBaCU ′C ,
(124)
the Lagrangian and Hamiltonian densities, L′WM and H′WM, can be expressed in
terms of the phase space variables X ′WM = {(U ′A, p′A)}, in a recognizable ADM
form as follows
L′WM(U ′) : =
1
2
p′A∂tU
′A − 1
2
p′ALNU ′A +
(
(h)ΓAtCU
′C − (h)ΓAaCNaU ′C
) 1
2
p′A
− 1
2
hAB(U)Nµ¯qq
ab
(
(h)∇aUA (h)∇bUB
)
+Nµ¯qhAE(U)U
′AREBCDq
ab∂aU
BU ′C∂bU
D
− 1
N
µ¯qhAE(U)U
′AREBCD LNUBU ′CLNUD
− 1
N
µ¯qhAE(U)U
′AREBCD∂tU
BU ′C∂tU
D
+
2
N
µ¯qhAE(U)U
′AREBCDq
ab∂tU
BU ′CLNUD (125a)
likewise the Hamiltonian energy density can be expressed as,
H′WM : =
1
2
p′A∂tU
′A +
1
2
p′ALNU ′A −
(
(h)ΓAtCU
′C − (h)ΓAaCNaU ′C
) 1
2
p′A
+
1
2
hAB(U)Nµ¯qq
ab
(
(h)∇aUA (h)∇bUB
)
−Nµ¯qhAE(U)U ′AREBCDqab∂aUBU ′C∂bUD
+
1
N
µ¯qhAE(U)U
′AREBCD LNUBU ′CLNUD
+
1
N
µ¯qhAE(U)U
′AREBCD∂tU
BU ′C∂tU
D
− 2
N
µ¯qhAE(U)U
′AREBCDq
ab∂tU
BU ′CLNUD (125b)
so that the critical point of L′WM
L′WM =
∫ t2
t1
∫
Σ
L′WM d2xdt (126)
with respect to U ′A gives the field equation
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∂tp
′
A =LNp′A + ((h)ΓCtA − (h)ΓCaANa)p′C + hAB(h)∇a(Nµ¯qqab∇bU ′B)
+Nµ¯qhAE(U)R
E
BCDq
ab∂aU
BU ′C∂bU
D
− 1
N
µ¯qhAE(U)R
E
BCD LNUBU ′CLNUD
− 1
N
µ¯qhAE(U)R
E
BCD∂tU
BU ′C∂tU
D
+
2
N
µ¯qhAE(U)R
E
BCDq
ab∂tU
BU ′CLNUD. (127)
Analogously, it is straightforward to note that the field equations (123) and (127)
are generated by the Hamiltonian H ′WM =
∫ H′WMd2x, i.e.,
Dp′A ·H ′WM = ∂tU ′A, DU ′A ·H ′WM = −∂tp′A, (128)
respectively. Specializing to our stationary Kerr background metric, we have
hAB(U)∂tU
′B =µ¯−1q Np
′
A, (129a)
∂tp
′
A =hAB(U)
(h)∇a(Nµ¯qqab∇bU ′B)
+Nµ¯qhAE(U)R
E
BCDq
ab∂aU
BU ′C∂bU
D (129b)
Let us now construct the variational principle for the fully coupled Einstein-wave
map perturbations. Now suppose,
q′ab = Dγs · (qab(s))
∣∣∣
s=0
, pi′ab = Dγs · (piab(s))
∣∣∣
s=0
, (130)
let us then denote the phase space corresponding to the perturbative theory of Kerr
metric as X ′EWM :
X ′ : =
{
(U ′A, p′A), (q
′
ab,pi
′
ab)
}
. (131)
Using the gauge-condition that the densitized metric µ¯−1q qab is fixed, we can con-
struct Dγ
s
·H and Dγ
s
·Ha at s = 0
H ′ : =Dγ
s
·H(s = 0) = −µ¯−1q qabpi′ab − (µ¯qRq)′
+
1
2
µ¯qq
ab∂UChAB(U)∂aU
A∂bU
BU ′C µ¯qq
abhAB(U)∂aU
′A∂bU
B (132)
and
H ′a : =Dγs ·Ha(s = 0) = (q)∇bpi′ba + p′AUA, (133)
where
(µ¯qRq)
′ =µ¯q
(
−∆qq′ + (q)∇a(q)∇bq′ab
)
, q′ : = Trqq
′
ab. (134)
Again, after imposing that the Kerr metric is a critical point at s = 0, we get
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D2
γλγs
·H(s = 0)
= µ¯−1q (2‖pi′‖2q − 2(qabpi′ab)2 + p′Ap′A)
− (µ¯qRq)′′ + 1
2
µ¯qq
ab∂2UDUChAB(U)∂aU
A∂bU
BU ′CU ′D
+ µ¯qq
ab∂UChAB(U)∂aU
′A∂bU
BU ′C
+
1
2
µ¯qq
ab∂UChAB(U)∂aU
A∂bU
BU ′′C
+ µ¯qq
ab∂UChAB(U)∂aU
′A∂bU
BU ′C
+ µ¯qq
abhAB(U)∂aU
′′A∂bU
B + µ¯qq
abhAB(U)∂aU
′A∂bU
′B (135)
D2
γλγs
·Ha(s = 0)
= −4(q′)∇bpi′ba − 2(q)∇bpi′′ba + 2p′A∂aU ′A + ∂aUAp′′A
where
(q′)∇bV a : = ∂bV a + 1
2
qad
(
(q)∇bq′dc + (q)∇cq′bd − (q)∇dq′bc
)
V c. (136)
We arrive at the following theorem
Corollary 3.1. Suppose X ′ is the first variation phase space, then the field equa-
tions for the dynamics in X ′ are given by the variational principle:
JEWM(X
′
EWM) : =
∫ (
pi′ab∂tq
′
ab + p
′
AU
′A − 1
2
NH ′′ −N ′H ′ −N ′aH ′a
)
(137)
where H ′′, H ′ H ′a are (135), Dγs · H and D · Ha at s = 0 respectively, N ′ : =
Dγ
s
·N ∣∣
s=0
and N ′a : = Dγs ·Na
∣∣
s=0
.
The approach used above is the classical Jacobian method, as remarked by Mon-
crief [45]. Separately, it may be noted that the construction of the wave map field
equations is analogous to that of the geodesic deviation equations or the ‘Jacobi’
fields [64, 42]. In view of the fact that the Hamiltonian formulation of the geodesic
deviation equations is relatively uncommon, our derivation may also be adapted for
this purpose. Finally, we would like to emphasize that our assumption that (109)
holds, is not (effectively) a restriction in the class of perturbations. In case this
condition is relaxed, we shall also pick up the Riemann curvature of the target, but
with torsion. The fact that we pick only the curvature term of the target is crucial
for our work. We would also like to remark that the deformations which correspond
to the coordinate directional derivatives along the curves γλ are equivalent to (in-
duced) covariant deformations on the target, on account of the fact the Kerr wave
map is a critical point of (99).
The variational principle in Corollary 3.1 and its field equations correspond to
a general Weyl-Papapetrou gauge. If we consider further gauge-fixing (71), where
the densitized metric µ¯−1q qab or equivalently the densitized inverse metric µ¯qq
ab is
fixed, we obtain
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H ′ =µ¯q0(2∆0ν
′) +
1
2
µ¯q0∂UChABq
ab
0 ∂aU
A∂bU
BU ′C (138)
+ µ¯q0q
ab
0 hAB∂aU
′A∂bU
B
H ′′ =µ¯−1q0 (2e
−2ν‖̺′‖2q0 − τ ′2e2ν µ¯2q0 + p′Ap′A) + µ¯q0
(
2∆0ν
′′
+ ∂2UCUDhABq
ab
0 ∂aU
A∂bU
BU ′CU ′D + ∂ChABq
ab
0 ∂aU
′A∂bU
BU ′C
+
1
2
∂ChABq
ab
0 ∂aU
A∂bU
BU ′′C + 2hABq
ab
0 ∂aU
′′A∂bU
B
+ 2hABq
ab
0 ∂aU
′A∂bU
′B + 2∂Chabq
ab
0 ∂aU
′A∂bU
BU ′C
)
. (139)
The aim of our work is to construct an energy for the linear perturbative theory
of Kerr black hole spacetimes, for which the Hamiltonian formulation is naturally
suited. In contrast with the Lagrangian variational principles (e.g., (36) and (39)),
the Hamiltonian variation principles are not spacetime diffeomorphism invariant.
In this work, we shall work in the 2 + 1 maximal gauge condition. We point out
that this gauge condition was also used by Dain-de Austria for the extremal case
[19]. We shall need the following statement.
Claim 3.2. Suppose N ′ ∈ C∞(Σ),
∆0N
′ =0, in the interior of (Σ, q0), (140a)
N ′
∣∣
∂Σ
=0, (140b)
then N ′ ≡ 0 on (Σ, q0).
Proof. If we multiply (140a) with N ′ and integrate by parts, we get
∫ |∇0N |2 = 0
in the interior of Σ, after using (140b). It follows that N ′ is a constant in Σ. 
The variational principle in Corollary 3.1 now gives the following field equations
(for smooth and compactly supported variations)
hAB(U)∂tU
′B = e2νµ¯−1q0 Np
′
A + hAB(U)LN ′UB, (141a)
∂tp
′
A =hAB(U)
(h)∇a(Nµ¯qqab∇bU ′B)
+Nµ¯qhAE(U)R
E
BCDq
ab∂aU
BU ′C∂bU
D
=hAB(U)
(h)∇a(Nµ¯q0qab0 ∇bU ′B)
+Nµ¯q0hAE(U)R
E
BCDq
ab
0 ∂aU
BU ′C∂bU
D (141b)
∂tq
′
ab =2Nµ¯
−1
q CKab(Y
′, q) + (q)∇aN ′b + (q)∇bN ′a
=2Ne−2νµ¯−1q0 CKab(Y
′, q0) + LN ′(e2ν(q0)ab) (141c)
∂tpi
′ab =(µ¯qq
bcqad)′(∂2dcN − (q)Γfcd∂fN)
+ µ¯qq
bcqad(qfl((q)∇dq′lc + (q)∇cq′ld + (q)∇lq′cd)∂fN)
+ (
1
2
Nµ¯q(q
acqbd − 1
2
qabqcd))′hAB(U)∂aU
a∂bU
B
+
1
2
Nµ¯q(q
acqbd − 1
2
qabqcd)
· (2hAB(U)∂aU ′A∂bUB + ∂UChAB(U)∂aUA∂bUBU ′C) (141d)
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together with the constraints
H ′ =0 (142a)
and
H ′a =
(q)∇bpi′ba + p′A∂aUA = 0, (142b)
in the 2 + 1 maximal gauge. We have,
q′ = Tr q′ab, τ
′ = µ¯−1q qabpi
′ab, (143)
and
∂tq
′ = −2Nτ ′ + 2 (q)∇cN ′c, ∂tτ ′ = −∆0N ′ +Nq′. (144)
In the 2 + 1 maximal gauge (cf. Claim 3.2 )
∂tq
′ = 2(q)∇cN ′c, ∆0N ′ = 0. (145)
Let us now formally discuss the structures associated to our Hamiltonian frame-
work. The phase space X ′EWM is such that (q
′
ab, U
′A) are C∞(Σ) symmetric co-
variant 2-tensor and smooth vector field respectively and (pi′ab, p′A) are C
∞(Σ)
symmetric 2-tensor densities and scalar density (for each A) respectively, which to-
gether form the cotangent bundle T ∗M, which we had represented as X ′EWM. The
Hamiltonian and momentum constraint spaces CH′ ,CH′
a
are defined as follows
CH′ =
{
(q′ab,pi
′ab)(U ′A, p′A) ∈ T ∗M
∣∣H ′ = 0}, (146a)
CH′
a
=
{
(q′ab,pi
′ab)(U ′A, p′A) ∈ T ∗M
∣∣H ′a = 0, a = 1, 2}. (146b)
Furthermore, we consider our time coordinate gauge condition to be ‘2+1 maximal’:
Cτ ′ =
{
(q′ab,pi
′ab)(U ′A, p′A) ∈ T ∗M
∣∣ τ ′ = 0}. (147)
In our work we shall be interested in the space
CH′ ∩ CH′
a
∩ Cτ ′ (148)
for our initial value framework. In general, proving local existence of Einstein
equations using the Hamiltonian initial value problem is a complex problem. We
note the following statement from the Lagrangian framework of Einstein’s equations
from the classical result of Choquet-Bruhat and Geroch [12] in 3 + 1 dimensions.
Suppose {(q¯′ab, p¯i′ab)}0 ∈ CH¯′ ∩ CH¯′i , then it follows from the classic results of
Choquet-Bruhat and Geroch, adapted to our linear perturbation problem, that
there exists a unique, regular, maximal development of {(q¯′ab, p¯i′ab)}0, ι : Σ →
Σ×R, such that {(q¯′ab, p¯i′ab)}t ∈ CH¯′ ∩ CH¯′i is causally determined from the initial
data {(q′ab,pi′ab), (U ′A, p′A)}0 in a suitable gauge; where CH¯′ and CH¯′i are defined
analogous to (146).
Let us introduce the following notions from the machinery of linearization stability.
Let us define the constraint map Ψ of (Σ, q¯) as a map from the cotangent bundle
to a 4−tuple of scalar densities, Ψ : T ∗M→ C∞(Σ)× T Σ, such that
Ψ(q¯, p¯i) = (H¯, H¯i), i = 1, 2, 3. (149)
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Let us denote the deformation of the constraint map as D · Ψ(q¯, p¯i). Then the
L2−adjoint, D† ·Ψ(q¯, p¯i)(C¯, Z¯), of the deformations D ·Ψ of the constraint map is a
2-tuple (an element of a Banach space) consisting of a covariant symmetric 2-tensor
and a contravariant symmetric 2-tensor density and is given by
D† ·Ψ(q¯, p¯i)(C¯, Z¯) : =
(
µ¯−1q¯
(1
2
(
‖pi‖2q¯ − Trq¯(p¯i)2
)
q¯ijC¯ − 2
(
p¯iikp¯i
j
k −
1
2
piijTrq¯(p¯i)
)
C¯
)
− µ¯q
(
q¯ij∆q¯C − (q¯)∇i(q¯)∇jC¯ +RijC¯ − 1
2
q¯ijRq¯C¯
)
+ (q¯)∇k(Z¯kp¯iij)− (q¯)∇kZ¯ip¯ikj − (q¯)∇kZ¯ip¯ijk,
− 2µ¯−1q¯ C¯
(
p¯iij − 1
2
Tr(p¯i)q¯ij
)
− (q)∇iZ¯j − (q)∇j Z¯i
)
(150)
The expression (150) is closely related to the L2−adjoint of the Lichnerowicz op-
erator. Moncrief had characterized the splitting theorem, established by Fischer-
Marsden [24], of the (Banach) spaces acted on by the constrant map
kerD† ·Ψ(q¯, p¯i)(C¯, Z¯) ⊕ rangeD ·Ψ(q¯, p¯i)(q¯′, p¯i′), (151)
by associating the kernel of the adjoint operator (kerD† · Ψ(q¯, p¯i)(C¯, Z¯)) to the
existence of spacetime Killing isometries. In particular, Moncrief proved that
kerD† ·Ψ(C¯, Z¯) is non-empty if and only if there exists a spacetime Killing vector.
This result is crucial for our work, but in the dimensionally reduced framework.
In the following, we shall establish equivalent results in our dimensionally reduced
perturbation problem.
Lemma 3.3. Suppose (M, g) is the 2+ 1 spacetime obtained from the dimensional
reduction of the axially symmetric, Ricci-flat 3+1 spacetime (M¯, g¯) and D ·Ψ is the
deformation around the Kerr metric of the constraint map Ψ of the dimensionally
reduced 2 + 1 Einstein-wave map system on (M, g) then
(1) The adjoint D† ·Ψ(q′,pi′)(C,Z) of the constraint map Ψ is given by
D† ·Ψ =
(
µ¯q(
(q)∇b (q)∇aC − qab (q)∇c(q)∇cC)
+
1
2
Cµ¯qhAB(q
acqbd − 1
2
qabqcd)∂aU
A∂bU
B,
− (q)∇aZb − (q)∇bZa
)
(152)
(2) The kernel (ker(D†Ψ)) of the adjoint of the constraint map Ψ is one di-
mensional and is equal to (N, 0)T
Proof. Consider the constraint map Ψ
Ψ(g,pi) =(H,Hi) (153)
then from the deformation of Ψ, D · Ψ(q,pi)(q′,pi′) : = (H ′, H ′a), around a general
metric, it follows that its 2 + 1 L2−adjoint is given by
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D† ·Ψ =
(1
2
Cµ¯−1q q
ab(‖pi‖2q − Tr(pi)2)− 2Cµ¯−1q
(
piacpibc − piabTrq(pi)
)
+ µ¯q(
(q)∇b (q)∇aC − qab (q)∇c(q)∇cC)
+ (q)∇c(piabZc)− (q)∇cZapicb − (q)∇cZbpica
+
1
4
µ¯−1q Cq
abpAp
A +
1
2
Cµ¯qhAB(q
acqbd − 1
2
qabqcd)∂aU
A∂bU
B,
− 2Cµ¯−1q (piab − qabTrqpi)− (q)∇aZb − (q)∇bZa
)
, (154)
analogous to (150), while noting that the (dimensionally reduced) wave map vari-
ables are not constrained due to the introduction of the twist potential, after using
the Poincare´ Lemma (see e.g., (25) and then (26)). The expression (152) follows for
the case of dimensionally reduced Kerr metric. Now assume that (C,Z) ∈ kerD† ·Ψ.
It follows from (152) that a vector K = K⊥n+K‖ satisfies
(g)∇αKβ + (g)∇βKα = 0 (155)
with K⊥ = C and K‖ = Z which implies that K = (C,Z) is a (spacetime) Killing
vector in (M, g). Conversely, assuming that (155) holds it follows that the LHS of
(152) vanishes, which implies K ∈ kerD† · Ψ. In particular, for the dimensionally
reduced Kerr metric (M, g) the only remaining linearly independent Killing vector
is ∂t, so (C,Z)
T ≡ (N, 0)T, which, as will be shown later, resolves (P2). 
In the following, we shall establish that the Hamilton vector field (H ′, H ′a) is
tangential to the flow of the phase space variables {(q′, π′), (U ′A, p′A)} in CH′ ∩
CH′
a
∩ Cτ ′ .
Lemma 3.4. Suppose H ′ and H ′a are the linearized Hamiltonian and momentum
constraints of the 2+1 Einstein-wave map system, then their propagation equations
are
∂
∂t
H ′ =qab∂aNH
′
b + ∂b(Nq
abH ′a) (156a)
∂
∂t
H ′a =∂aNH
′ (156b)
and
NH ′ =∂b(Nµ¯qq
abhABU
′A∂bU
B − 2µ¯qqab∂aNν′) (156c)
Proof. The statements (156a) and (156b) follow from the linearized and background
(exact) field equations of our 2 + 1 Einstein-wave map system. For simplicity in
computations, we shall perform our computations with q′0 held fixed. Recall,
∂t̺
′a
b =Nµ¯q0(q
ac
0 δ
d
b −
1
2
qcd0 δ
a
b )(hAB∂cU
′A∂dU
B +
1
2
∂UChAB(U)∂cU
A∂dU
BU ′C)
+ µ¯q0q
cd
0 δ
a
b ∂cN∂dν
′ − µ¯q0qac0 (∂bN∂cν ′) (157)
∂tν
′ =
1
2µ¯q0
∂c(µ¯q0N
′c) + 2LN ′ν (158)
Consider the quantities,
∂t
(
2µ¯−1q0 ∂b(µ¯q0q
ab
0 ∂aν
′)
)
=µ¯−1q0 ∂b(µ¯q0q
ab
0 ∂a(µ¯
−1
q0 ∂c(µ¯q0N
′c) + 2N ′c∂cν)) (159)
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1
2
µ¯qq
ab∂UChAB∂aU
A∂bU
B∂tU
′C =
1
2
Nqab∂UChAB∂aU
A∂bU
Bp′C
+
1
2
µ¯qq
ab∂UChAB∂aU
A∂bU
BLN ′UC (160)
µ¯qq
abhAB(U)∂a(∂tU
′A)∂bU
B =µ¯qq
abhAB(U)∂a(µ¯
−1
q Np
′A)∂bU
B
+ µ¯qq
abhAB(U)∂a(LN ′UA)∂bUB
=µ¯qq
abhAB(U)∂a(µ¯
−1
q Np
′A)∂bU
B
+ µ¯qq
abhAB(U)LN ′(∂aUA)∂bUB (161)
Combining the results above and noting that for our gauge,
CKab(N ′, q0) = µ¯q0(
(q0)∇aN ′b + (q0)∇bN ′a − qab0 (q0)∇cN ′c) = −2Ne−2νqbc0 ̺′ac
(162)
we get
∂tH
′ =qab∂bN(−2(q0)∇c̺′ca + p′A∂aUA)− 2∂b(Nqab(q0)∇c̺′ca ) + ∂b(Nqabp′A∂aUA)
(163)
=qab∂aNH
′
b + ∂b(Nq
abH ′a) (164)
Likewise, for (156b), consider,
(q0)∇a(∂t̺′ab ) =(q0)∇a
(
Nµ¯q0(q
ac
0 δ
d
b −
1
2
qcd0 δ
a
b )(hAB∂cU
′A∂dU
B
+
1
2
∂UChAB(U)∂cU
A∂dU
BU ′C)
+ µ¯q0q
cd
0 δ
a
b ∂cN∂dν
′ − µ¯q0qac0 (∂bN∂cν ′)
)
(165)
∂aU
A∂tp
′
A =hAB∂aU
A(h)∇c(Nµ¯qqcb(h)∇bU ′B)
+Nµ¯qhAB(U)∂aU
′BREBCDq
ab∂aU
B∂bU
DU ′C (166)
Now combining all the above, we have
∂tH
′
c = ∂cNH
′ (167)
in view of the background field equations (87) and (93). For (156c), first note that
Nµ¯q0∂UChAB(U)q
ab
0 ∂aU
A∂bU
CU ′B =Nµ¯q0hAB
(h)ΓACD(U)q
ab
0 ∂aU
C∂bU
DU ′B
− 1
2
Nµ¯q0∂UChAB(U)q
ab
0 ∂aU
A∂bU
BU ′C
(168)
after a suitable relabelling of the indices. Now consider
NH ′ =2Nµ¯q0∆0ν
′ +Nµ¯qhAB
(h)ΓACD(U)q
ab
0 ∂aU
C∂bU
DU ′B
−Nµ¯q0∂UChAB(U)qab0 ∂aUA∂bUCU ′B + µ¯q0qab0 hAB∂aU ′A∂bUB
=2Nµ¯q0∆0ν
′ + ∂b(Nµ¯q0q
ab
0 hAB∂aU
AU ′B)
=∂b(−2µ¯q0qab0 ∂aNν′ + 2∂aν ′ +Nµ¯qqabhAB∂aUAU ′B) (169)
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where we have used (168) and the background field equations (87) and (93). Fun-
damentally, underlying the statement (169) is the fact that (N, 0)T is the kernel of
the adjoint of the constraint map of our linear perturbation theory. 
4. A Positive-Definite Hamiltonian Energy from Negative Curvature
of the Target and the Hamiltonian Dynamics
In arriving at the variational principles and their corresponding field equations,
we have used smooth compactly supported deformations. In the construction of a
Hamiltonian energy function the underlying computations are bit more subtle, in
connection with the boundary terms and the initial value problem. We impose the
regularity conditions on the axis of initial hypersurface Σ by fiat, so that the fields
smoothly lift up to the original Σ. We shall assume the following conditions on the
two disjoint segments of the axes Γ = Γ1 ∪ Γ2. In the wave map U : M → N, one
of the components corresponds to the norm of the Killing vector |Φ| and the other
the ‘twist’. For the twist component we assume
U ′A|Γ1 = U ′A|Γ2 , for the corresponding A (170)
on account of our assumption that the perturbation of the angular momentum is
zero. Without (effective) loss of generality we assume,
U ′A = 0 on Γ which implies ∂tU
′A = 0 (171)
where ∂t is the derivative tangent to the axis. To prevent conical singularity on the
axis, which, as we remarked, allows us to smoothly lift our fields up to the original
manifold Σ, we assume
|Φ|′ = 0, ∂t|Φ|′ = 0 (172)
for the ‘norm’ component of U ; and
∂nU
′A = 0, p′A = ∂tp
′
A = 0, ∂np
′
A = 0, (173)
where ∂n is the derivative normal to the axes Γ. In this work, for ν
′ we shall assume
∂nν
′ = 0 (174)
which corresponds to the preservation of the condition that inner (horizon) bound-
ary is a minimal surface. Now define an ‘alternative’ Hamiltonian constraint H ′Alt
H ′Alt : = µ¯q0(2∆0ν
′ + hAB(U)U
′B(∆0U
A + (h)ΓABCq
ab
0 ∂aU
B∂bU
C)) (175)
where we have now used the following identity to transform from H ′ :
1
2
∂UChABq
ab∂aU
A∂bU
BU ′C + hAB(U)q
ab∂aU
′A∂bU
B
= hABU
′B(∆qU
′A + (h)ΓACDq
ab∂aU
C∂bU
D) (176)
which is analogous to (101), but now for the q metric. Analogously define
H ′′Alt : =µ¯−1q0 (2e
−2ν‖̺′‖2q0 − τ ′2e2ν µ¯2q0 + p′Ap′A)
− µ¯q0hABU ′B((h)∆U ′A +RABCDqab0 ∂aUB∂bUCU ′D) (177)
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Using a further divergence identity:
(h)∇a(hABU ′B(h)∇aU ′A)− hABU ′B(h)∇a(h)∇aU ′A
= hABq
ab(h)∇aU ′A(h)∇bU ′B, (Σ, q), (178)
let us now define our ‘regularized’ Hamiltonian energy density as
eReg : =Nµ¯−1q0 e
−2ν
(
‖̺′‖2q0 +
1
2
p′Ap
′A
)
− 1
2
Ne2ν µ¯q0τ
′2
+
1
2
Nµ¯q0q
ab
0 hAB(U)
(h)∇aU ′A(h)∇bU ′B
− 1
2
Nµ¯q0q
ab
0 hAE(U)U
′A(h)REBCD∂aU
B∂bU
CU ′D (179)
and the ‘regularized’ Hamiltonian HReg
HReg : =
∫
Σ
eReg d2x. (180)
It is evident that HReg is manifestly positive-definite in the maximal gauge τ ′ ≡ 0,
in view of the fact that the target is the (negatively curved) hyperbolic 2-plane.
Indeed, we obtain a similar energy expression (179) and (180) in the higher di-
mensional case where the target for wave maps is SL(n − 2)/SO(n − 2). As we
already alluded to, the purpose of distinguishing the quantities HReg is that they
are transformed, using divergence identities, from H , and thus differ by boundary
terms. In case the perturbations are compactly supported in (Σ) it is immediate
that they have the same value. In general, dealing with all the boundary terms and
their evolution in our problem is considerably subtle [51].
It is conjectured that our Hamiltonian energy functional and the boundary terms
constitute deformations of the ADM mass of (Σ, q¯) at the outer boundary. These
technical aspects in our problem, related to the boundary behaviour in the quotient
space, shall be completed systematically in a separate work. The aim of this work
is the construction of the positive-definite energy functional HReg. In the follow-
ing, we shall establish the validity and consistency of our approach to construct
the energy using two separate methods. Firstly, we shall show that HReg serves
as a Hamiltonian that drives the dynamics of the unconstrained or ‘independent’
phase-space variables. Secondly, we shall establish that there exists a spacetime
divergence-free vector density, whose flux through Σ is HReg.
We would like to point out that, in our problem, the 2 + 1 geometric phase
space variables (e.g., ν′, ̺′ab ) are completely determined by the constraints and
gauge-conditions. Therefore, their Hamiltonian dynamics are governed by the ‘in-
dependent’ or ‘unconstrained’ dynamical variables (U ′A, p′A). In the following, we
shall prove that HReg drives the coupled Einstein-wave map dynamics of (U ′A, p′A).
The proof that the equivalent HReg serves as the Hamiltonian for the reduced
Einstein-Maxwell phase space can be found in Section 5 of [51].
Theorem 4.1. Suppose the globally regular, maximal development of the smooth,
compactly supported perturbation initial data in the domain of outer communica-
tions of the Kerr metric is such that
{
(q′ab,pi
′ab), (U ′A, p′A)
}
t
∈ CH′ ∩ CH′
a
∩ Cτ ′ ,
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then functional HReg is a Hamiltonian for the coupled dynamics of (U ′A, p′A) :
Dp′
A
·HReg = ∂tU ′A (181a)
DU ′A ·HReg = − ∂tp′A. (181b)
Proof. The first variation Dp′
A
·HReg contains the terms:
̺′ab ̺
′′a
b =
1
2
N−1µ¯q(
(q)∇bN ′a + (q)∇aN ′b − δba(q)∇cN ′c)
((q)∇aN ′′b + (q)∇bN ′′a − δab (q)∇cN ′′c)
=
1
2
N−1µ¯q
(q)∇aN ′b((q)∇aN ′′b + (q)∇bN ′′a − δab (q)∇cN ′′c) (182)
We have the divergence identity:
(q)∇a(N−1N ′bµ¯q((q)∇aN ′′b + (q)∇bN ′′a − δab (q)∇cN ′′c))
N−1N ′b((q)∇a((q)∇aN ′′b + (q)∇bN ′′a − δab (q)∇cN ′′c))
+N−1µ¯q
(q)∇aN ′b((q)∇aN ′′b + (q)∇bN ′′a − δab (q)∇cN ′′c)
= −N ′b(∂bUAp′′A) +N−1µ¯q(q)∇aN ′b((q)∇aN ′′b + (q)∇bN ′′a − δab (q)∇cN ′′c) (183)
after using the momentum constraint; and
Dp′
A
· 1
2
p′Ap
′A = p′A. (184)
Collecting the terms above, gives the Hamilton equation
Dp′
A
·HReg =Nµ¯−1q p′A +N ′b∂bUA
= ∂tU
′A. (185)
The quantity DU ′A ·HReg contains the terms:
DU ′A ·
1
2
hAB(U)
(h)∇aU ′A(h)∇bU ′B =Nµ¯qqabhAB(q)∇aU ′′A(q)∇bU ′B
note that
(q)∇a(Nµ¯qqabhABU ′′A∂bU ′B) =U ′′A(q)∇a(Nµ¯qqabhAB∂aU ′B)
+Nµ¯qq
abhAB
(q)∇aU ′′A(q)∇bU ′B (186)
and
DU ′A · (−
1
2
Nµ¯qq
abhAE(U)U
′A(h)REBCD∂aU
B∂bU
CU ′D)
= −Nµ¯qqabhAE(U)(h)REBCD∂aUB∂bUCU ′D (187)
which combine to give
DU ′A ·HReg =− (q)∇a(Nµ¯qqabhAB∂aU ′B)
−Nµ¯qqabhAE(U)(h)REBCD∂aUB∂bUCU ′D (188)
which is the Hamilton equation
=− ∂tp′A. (189)

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Theorem 4.2. Suppose the variables {(q′ab,pi′ab), (U ′A, p′A)} ∈ CH′ ∩ CH′a ∩ Cτ ′ ,
then there exists a (spacetime) divergence-free vector field density such that its flux
through t−constant hypersurfaces is HReg (positive-definite).
Proof. In the proof we shall use the perturbation evolution equations and the back-
ground (Kerr metric) field equations. Consider ∂te
Reg and it contains the following
terms:
(1)
Nµ¯−1q p
′A∂tp
′
A =Nµ¯
−1
q p
′A
(
hAB
(h)∇a(Nµ¯qqab(h)∇bU ′B)
+Nµ¯qhABR
E
BCDq
ab∂aU
B∂bU
DU ′C
)
, (190)
(2)
Nµ¯qq
ab(h)∇a(∂tU ′A)(h)∇bU ′B
= Nµ¯qq
abhAB(U)
(h)∇bU ′B((h)∇a(µ¯−1q Np′A + LN ′UA)) (191)
Note the divergence relation involving the terms from (190) and (191).
(h)∇a(N2qabhABp′A(h)∇bU ′B) =µ¯−1q Np′A(h)∇a(Nµ¯qqab(h)∇bU ′B)
+Nµ¯qq
abhAB
(h)∇bU ′B(h)∇a(Nµ¯−1q p′A)
(192)
(3)
Nµ¯qhAE(U)∂tU
′ARABCDq
ab∂aU
B∂bU
DU ′C
= Nµ¯qhAE(µ¯
−1
q Np
′
A + LN ′UA)REBCDqab∂aUB∂bUDU ′C (193)
(4)
e−2νNµ¯−1q0 ̺
′c
a ∂t̺
′a
c
= N((q)∇aN ′b + (q)∇aN ′b − δba(q)∇cN ′c)
(
Nµ¯q(q
acδdb −
1
2
δab q
cd)
· (hAB∂bU ′A∂dUB + 1
2
∂UhAB∂bU
′A∂dU
B) + 2µ¯qq
ac∂cN∂bν
′
− µ¯qδab qcd∂cN∂dν ′
)
(194)
= LN ′(µ¯q0qab0 )(hAB∂aU ′A∂bUB +
1
2
∂UChAB∂aU
A∂bU
BU ′C − 2∂aN∂bν ′). (195)
Consider the following divergence identities:
(q0)∇a(N ′b∂aN∂bν ′µ¯q0) =µ¯q0 (q0)∇aN ′b∂aN∂bν ′
+N ′b(q0)∇a(µ¯q0∂aN∂bν′) (196a)
(q0)∇b(N ′a∂aN∂bν ′µ¯q0) =µ¯q0 (q0)∇bN ′a∂aN∂bν ′
+N ′a(q0)∇b(µ¯q0∂aN∂bν′) (196b)
(q0)∇c(N ′cqab0 ∂aN∂bν ′µ¯q0) =(q0)∇cN ′c(qab0 ∂aN∂bν′µ¯q0)
+N ′c(q0)∇c(qab0 ∂aN∂bν ′µ¯q0). (196c)
Based on the right-hand sides of the divergence identities in (196) we get, after
using the background field equation (93),
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− 2LN ′(µ¯qqab)∂aN∂bν′
= −2N ′b∂bN∂a(µ¯qqab∂aν ′) + 2(q0)∇a(N ′c∂cν ′µ¯q0qab0 ∂bN)
+ 2(q0)∇a(N ′c∂cNµ¯q0qab0 ∂bν′)− 2(q0)∇c(N ′c∂aν′µ¯q0qab0 ∂bN)
= LN ′N(−H ′ + hAB∂aU ′A∂bUB + 1
2
∂UChAB∂aU
A∂bU
BU ′C)
+ 2(q0)∇b(LN ′ν ′µ¯q0∂bN + LN ′Nµ¯q0∂bν′ − µ¯q0N ′b∂aN∂aν′). (197)
Now let us focus on the remaining ‘shift’ terms:
Nµ¯qq
abhAB
(h)∇bU ′B(h)∇a(LN ′UA), (198)
−Nµ¯qhAE(LN ′UA)REBCDqab∂aUB∂bUDU ′C (199)
and
LN ′(µ¯q0qab0 )(hAB∂aU ′A∂bUB +
1
2
∂UhAB∂aU
′A∂bU
B) (200)
Consider the quantity Nµ¯qq
abhAB∂aU
′A(LN ′(∂bUB)) that occurs in (198), we have
Nµ¯qq
abhAB∂aU
′A(LN ′(∂bUB)) + ∂UChABLN ′UCNµ¯qqab∂aU ′A∂bUB
=∂aU
′ALN ′(Nµ¯qqabhAB(U)∂bUB)
− LN ′N(hABµ¯qqab∂bU ′B)− LN ′(µ¯qqab)NhAB∂aU ′A∂bUB (201)
likewise
U ′ALN ′
(
∂b(Nµ¯qq
abhAB∂aU
B)
)
= U ′ALN ′hAB∂a(Nµ¯qqab∂bUB) + U ′ALN ′(Nµ¯qqab∂bUB∂UChAB∂aUC). (202)
Collecting the terms above, while using the background field equations (87) and
computations analogous to the ones in Section 3; and
∂a(U
′ALN ′(Nµ¯qqabhAB∂aUA))
= ∂aU
′ALN ′(Nµ¯qqabhAB∂aUA) + LN ′
(
∂a(Nµ¯qq
abhAB∂aU
A)
)
= ∂aU
′ALN ′(Nµ¯qqabhAB∂aUA) + ∂a(LN ′(Nµ¯qqabhAB∂aUA)) (203)
we have,
∂te
Reg =∂b(N
2µ¯−1q (µ¯q0q
ab
0 p
′
A∂aU
′A) + U ′ALN ′(µ¯q0qab0 hAB∂bUB))
LN ′(N)(2µ¯q0qab0 ∂aν ′ + 2LNν ′µ¯qqab∂aN − 2N ′bµ¯qqbc∂aν′∂cN)
−H ′LN ′(N) (204)
for
{
(q′ab,pi
′ab), (U ′A, p′A)
} ∈ CH′ this reduces to
=∂b(N
2µ¯−1q (µ¯q0q
ab
0 p
′
A∂aU
′A) + U ′ALN ′(µ¯q0qab0 hAB∂bUB))
LN ′(N)(2µ¯q0qab0 ∂aν ′) + 2LNν′µ¯qqab∂aN − 2N ′bµ¯qqbc∂aν ′∂cN).
(205)
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Thus, if we define,
(J t)Reg : = eReg
(Jb)Reg : =N2e−2ν(qab0 p
′
A∂aU
′A) + U ′ALN ′(µ¯q0qab0 hAB∂bUB))
LN ′(N)(2µ¯q0qab0 ∂aν ′) + 2LNν ′µ¯qqab∂aN − 2N ′bµ¯qqbc∂aν′∂cN, (206)
it follows that JReg is a divergence-free vector field density for
{
(q′ab,pi
′ab), (U ′A, p′A)
} ∈
CH′ ∩ CH′
a
∩ Cτ ′ .
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